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\l ' We formulate a dynamical system based on many-index objects. These objects yield 

, a generalization of the Heisenberg's equation. Systems describing harmonic oscillators are 

■ given. 

(N ■ 
^ ! 

Qh, §1. Introduction 

<\ 

\^ • Recently, a new mechanics has been proposed that is based on three- index ob- 

! jectsa^ and its basic structure has been studied from an algebraic point of viewB^'EP. 

I This mechanics has a counterpart in the canonical structure of classical mechanics 

■ or Nambu mechanics^, and can be interpreted as its 'quantum' or 'discretized' ver- 
'sj" \ sion. It can also be regarded as a generalization of Heisenberg's matrix mechanics, 

' because a generalization of the Ritz rule and that of the Bohr's frequency condition 

Q ■ are employed as guiding principles. 

tJ" I The mechanics, in which physical variables are n-index objects (n > 4), was also 

^ I proposed in Ref. ||), but its formulation has not yet been completed. The purpose of 

■ the present paper is the construction of a mechanics for mutli-index objects, modeling 
I \ the dynamical structure of Heisenberg's matrix mechanics. 

' This paper is organized as follows. In the next section, we explain the definition 

,1^ • of n-index objects. We formulate a dynamical system based on n-index objects in 

^ \ §3. Section 4 is devoted to conclusions. 

. §2. Generalized matrices 

P.: 

2.1. Definitions 

We state our definition of n-index objects (we refer to them as n-th power 
matrices)E*l and define related terminology. An n-th power matrix is an object 
with n indices written Ai^^i^.-.i^, which is a generalization of a usual matrix written 
analogously as Bi^i^. We handle n-th power matrices that every line has a same size, 
i.e., N X N X ■ ■ ■ X N matrices, and treat the elements of an n-th power matrix as 
c-numbers throughout this paper. 

First we define the hermiticity of an n-th power matrix by the relation ^i'^;^...;^ = 
^hh---ln ^"-^^ permutations among indices and refer to an n-th power matrix pos- 
sessing hermiticity as a hermitian n-th power matrix. Here, the asterisk indicates 
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index objects have been introduced to construct a quantum version of the Nambu 



bracket. LT'O^ The definition of the n-fold product we use is the same as that by Xiong. 
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complex conjugation. A hermitian n-th power matrix has the relation = 
^hh---ln fc>r even permutations among indices. The components with a same in- 
dix, e.g., which is a counterpart of a diagonal part in a hermitian 

matrix, are real-valued and symmetric with respect to permutations among indices 
{h, ■ ■ ■ ■ ■ ■ ■ ■ ■ ,ln}- We refer to a special type of hermitian matrix whose com- 
ponents with completely different indices are vanishing as a real normal form or a 
real normal n-th power matrix. An normal n-th power matrix is written 

i<j 

where the summation is over all pairs among {h, ■ ■ ■ ,ln}, the indices with a hat 
are omitted, and ^^^^...[....[....^ is symmetric under the exchange of n — 2 indices 

{^1) ' ' ' T hi ' ' ' 1 1j ■> ' ' ' 1 In} ■ 

We define the n-fold product of n-th power matrices {Ai)i-^^i^...i^, {i = 1, 2, ...,n) 

by 

k 

The resultant n-index object, {A1A2 ■ ■ ■ An)iii2...u, does not necessarily possess her- 
miticity, even if {Ai)i^^i.^...[^s are hermitian n-th power matrices. Note that the above 
product is, in general, neither commutative nor associative; for example, 

{AiA2---An)l,l,...l„ / (^2^1 ••• 

(^1 • • • An-liAnAn+l ■ • • A2n-l))lil2---ln 

/ ((^1 • • • An-lAn)An+l ■ ■ ■ ^Sn-Ohia-in- (2-3) 

The n-fold commutator is defined by 

[Al,A2,--- ,An]l^l2...l„ 

= J2 Y.^S'^iP)(^il)h--4„-lkiAi2)ll---l„-2kln---{AiJkh---l„, (2-4) 

(ii, ■■■,*«) k 

where the first summation is over all permutations among the subscripts {fi, • • • , 
Here, sgn(P) is -|-1 and —1 for even and odd permutations among the subscripts 
{h, - ■ ■ lin}, respectively. If {Ai)i^i^...i^s are hermitian n-th power matrices, then 
i[Ai,A2, ■■■ , ^n]iii2-/„ is also hermitian . 

2.2. Properties 

Wc study some properties on the n-fold commutator [^1,^2, • ■ ■ , ^n]/i/2-/n- This 
commutator is written 

[Ai,A2,--- ,An]l^l2-ln = {Al)lil2-ln{A2A3 - ■ ■ An)i^i.^...i^^ 

+ {-ir-\A2)l,l,..UAs ■ ■'^n^lU...,„ 

+ • • • + {-ir-\A,)i,i,..UAlA2 ■ ■ ■ ^n-l),,,,..i„ 

+{[A^,A2,---,An])li,..,„, (2-5) 
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where (^2^3 • ■ ■ An)i^i^...i^ and ([^1,^2, • • • , ^n])°^i2-in defined by 

(*2,--->«n) 

"l"!"^) (^«2 )'l---'n-3'n-l'n-l'n (^«3 )'l-"'n-4'n-l'n-2'n-l'n ' ' ' i^tn) h' ■ ■ln~2ln~lln~l 

H h (-l)"""^(-4i2)zi...z„_iZi(yli3)zi...z„_2ZiZ„ • • • (-4i„)zi;iZ3...;„^ (2-6) 

and 

= sgn(P)(AiJz^...z„_^fc(^i2)«i-i„-2H„---(^i„)H2-iI?-7) 
respectively. 

We discuss features of (A1A2 • • • An-i)i_^i^...i^^. It possesses skew-symmetry with 
respect to permutations among indices: 

(AiA2~A„_i)^^..,^..,^..,^ = -(^iA2~A„_i)^^..,^..,^..,^, (2-8) 

if (Afc)j ^- ^ s, (/c = 1) are symmetric with respect to permutations among 

n-indices {Ij, li, ■ ■ ■ , ■ ■ ■ , In} as hermitian n-th power matrices are. Let us define 
an operation for fc-th anti-symmetric objects uji^i^...ii^ by 

k 

('^^)^oM2-^. ^E(-l)Hoh-i.-^.- (2-9) 

i=0 

Here the operator 5 is regarded as a coboundary operator that changes A;-th an- 
tisymmetric.^ objects into {k + l)-th objects, and this operation is nilpotent, i.e. 

= If the uJi-^i^...if, satisfies the cocycle condition: {5uj)i^^i-^^i^...if, = 0, it 

is called a /c-cocycle. We give an example of a solution for the cocycle condi- 
tion: {5{AiA2 ■ ■ ■ An^i))if^i^i^...i^ = 0. When one of Ais is an arbitrary hermitian 
n-th power matrix and all the rest have components in the form (A^)^^^ ^- ^ = 

E/,^/;(a/)/fc, the {A1A2 ■ ■ ■ An-i)i^i^...i^ is written 

n 

(AiA2---An-i),,,2.../„ =E(-l)^"'7,,..i^..,„ = {5l\i2-i^, (2-10) 

i=l 

where 7ZiZ2---/„-i is an (n— l)-th antisymmetric objects. Then, the n-th antisymmetric 
object {A1A2 ■ ■ • j4„_i)^^^^...^^ automatically satisfies the cocycle condition: 

{5{A^A2~ An-i))w,..,^ = = (2-11) 



*' See Ref. ^) for textbooks with respect to cohomology 
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due to the nilpotency for coboundary operations. This type of solution is called an 
n-coboundary. 

We can show the following relations on the n-fold commutator from the above 
expressions and properties. 

1. For arbitrary n-th power hermitian matrices Aj, [Ai, ■ ■ ■ , An-i, Aji^^i^..^^ = 
with Z\i^i2-- «,i = ^i<j ^hij- Here the product is over all pairs among indices. 

2. For arbitrary normal n-th power matrices A^'^\ the n-fold commutator among 
A and A^'^^ is given by 

iW ... zlWl. . . - A. . . fAW~ aW 



[A, • • • , Aii'j,]i,i,..,„ = A,i,..,^{A'-' ■ ■ ■ (2-12) 

vanishing; 



3. The n-fold commutator among arbitrary normal n-th power matrices A^^'^ is 



[Af\Af\...,Ai%,,,..,„=0. (2.13) 



4. If {b[^^ B2^^ ■ ■ ■ B^^\)j^^^^ ^ is an n-cocycle for normal n-th power matrices 
sj^'' , the fundamental identity holds: 



^[Ai, • • • , [A,, <\ • • • , . . . , (2-14) 

i=l 



§3. Dynamical system 

In this section, we employ a generalization of the Ritz rule and that of the 
Bohr's frequency condition as guiding principles, and construct a generalization of 
Heisenberg's matrix mechanics based on hermitian n-th power matrices. 

3.1. Framework 

The time-dependent variables are hermitian n-th power matrices given by 

{Va{t)\i,...i„ = (K.)i,i,...i„e*^'i'2-'.*, (3-1) 
where the angular frequency Qi^i^...i^ has the properties 

^I'^i'^-i'^ = sgn(P)f2i,i2...i„, (3-2) 

n 

miohi.-u ^ Ei-^y^iow-k-i. = 0- (3-3) 

i=0 

The f2i-^^i2.:i„ is regarded as an n-cocmle, from the equation (3-3). This equation 
is a generalization of the Ritz rulejlJ and it is required from a consistency for 



*^ The Ritz rule is given by Oi-^i^ = + ^hh in quantum mechanics, where is the 

angular frequency of radiation from an atom. 
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the time evolution of a system as will be shown. Notice that the n-fold product, 
(VJjiFaj • • • Kj„)/j;2.../^e*^'i'2 - 'i*, takes the same form as (3-1), with the relation (3-3). 
The time-independent variables are real normal n-th power matrices given by 

iUa)hl2--4„=Y.^hlj(.Ua)i^l^...i^...i^...l^. (3-4) 

i<j 

These variables are conserved quantities, and are regarded as generators of a sym- 
metry transformation. 

Next we discuss the time evolution of physical variables. It is given as a symme- 
try transformation if the physical system is closed. In our mechanics, it is expected 
that real normal n-th power matrices generate such a transformation. We refer to 
them as 'Hamiltonians' Ha {A = 1, ...,n — 1) . Hamiltonians are functions of physi- 
cal variables: Ha = HA{Va{t), Ua)- By analogy with Heisenberg's matrix mechanics, 
we require that the {Va{t))i-^i2...i„s should yield the generalization of the Heisenberg 
equation: 

= -l-^[V^{t),Hi,---,Hn-i]i,i,...i„, (3-5) 
where Ti'-"^ is a new physical constant. The left-hand side of (3-5) is written 

J^iVa{t))l,l,...l^ = if2i,i,..UVa{t)Xl,...l„, (3-6) 

by definition (3-1). On the other hand, the right-hand side is written 
1 



-[Va{t),Hi, - ■ ■ , Hn~ 



l\hl2---ln 



= -^^Jn)iHi ■ ■ ■ Hn-l)l^l^...l„{^a{t))hl2---ln^ (3-7) 

by use of the formula (2-12). From equations (3-6) and (3-7), we obtain the relation 

= -{H^~Hn-i\i,...i„. (3-8) 

This relation is a generalization of Bohr's frequency condition.0 

Let us make a consistency check for the time evolution of a system. By definition, 
an arbitrary normal n-th power matrix A^^'^ (and the time-independent part of ^^.(i)) 
should be a constant of motion, and it is verified by use of the equation of motion: 

= -^^[A^^),H,,-..,Hn-i]i,i2..,^=Q, (3-9) 

where the formula (2-13) is used. Since the Hamiltonians are real normal n-th power 
matrices, they are conserved quantities. The n-fold commutator, i\Vi{t)^ • • • , V^(t)] 



*-* The Bohr's frequency condition is given by Tifli-^^i^ = ~Hiii.2 ~ Ei-^ — Ei^ in quantum me- 
chanics, where Ei is the energy eigenvalue of an atom. 
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should satisfy the fundamental identity including the Hamiltonians: 

[^[■t^l(i),---,KW],i?l,---,i?n-l]w2-/„ 

n 

= E^[^l • • • ' ^1' • • • ' Hn-l], Vnm.i,..,^ (3-10) 

i=l 

from the requirement that the derivation rule for the time should hold such that 
■ ■ • , Vnm,i,..,„ = i[Vi{t), ■ ■ ■ , -Viit), ■ ■ ■ , y„(t)]i,i,..,„(3-ll) 

The fundamental identity (3-10) holds in the case that the i^iii2---i„ is an n-cocycle 
from the 4-th relation on the n-fold commutator. 

3.2. Examples 

We study the simple example of a harmonic oscillator whose variables are two 
kinds of hermitian n-th power matrices given by C(i)ziZ2 - Zn = 6ii2 - ;n^*^'^'^ 
ilit)lil2-ln = '?h«2-/n^'^'^'^ Here, each of the indices li runs from 1 to n. The 
coefficients ^^i^-in and Vhh-ln are given by 



^hh-ln = V -^^^l^hh-lj^ Vhh-ln = 2 ^'l'2-'n> (3-12) 

where the quantity m in the square root represents a mass, Q = |^?i2 • nl and Siii2---in 
is the n-dimensional Levi-Civita symbol. 

If f2i-^i2...i„ = —f2£i^i2...i„, we obtain the equations of motion describing the har- 
monic oscillator: 

^^{t)hl2-ln = ^V{i)hh-ln^ (3-13) 

J^v{t)hh-l„ = -mf2^mhh-ln- (3-14) 
The hamiltonians Ha satisfy the following relation 

n^''^f2ei,i,..,^ = {H^-'^H,,^,)i,i.,.,^ (3-15) 

from the requirement that physical variables should yield the generalized Heisen- 
berg's equation (3-5). As an example of Has, we have 

(^l)n n l...n-2 = h^'^'^Q, {Hb\ „ = 5n-i B, (3-16) 

where Has are symmetric with respect to permutations among indices, other com- 
ponents of Has are vanishing, and B runs from 2 to n — 1. There is the algebraic 
relation among ^{t), i]{t) and Has: 

{Hi)i,i2-l„ = riit), H2,--, Hn-iU,...i^. (3-17) 
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Finally we give an example of 'n-plet', (V^(i))«i«2---'n (a = I, - ■ ■ ,n), where each 
of the indices li runs from 1 to n^. The components of Va{t)s are defined by 



{Cn~j)lil2---ln 



where {Cn~j)hh--i„ is the n x n x 
are given by 



for li = {a — l)n + 1, (a — l)n + 2, • • • , an 
for li = an + 1, an + 2, 

■■■,{a + l)n (mod n^) (3-18) 
for li = {a + j - l)n + 1, (a + j - l)n + 2, 

•••,(a+j)n (mod n^), 

X n matrices whose non-vanishing components 



(C 



" ^'kn kn {k-l)n+l — {k-l)n+i---kn~l 



■i n— jr'+l- 



(3-19) 



Here, i and j run from 2 to n — 1 and Cn-jS are symmetric with respect to permuta- 
tions among indices {kn kn [k — l)n + \- ■ ■ {k — l)n + i - ■ -kn—l} for k = 1, • • • , n. 
We find that the time-dependent components in V^(t)s yield the equation of motion 
of harmonic oscillators under the Hamiltonians whose non-vanishing components are 
given by 



(Hb) 



IJkn kn (k—l)n+l---kn—2 



kn kn {k—l)n+l---{k~l)n+i---kn—l 



Jn—i Bi 



(3-20) 
(3-21) 



where B runs from 2 to n — 1 and k runs from 1 to n. The Has are symmetric with 
respect to permutations among indices. The {ya{t))hi2--in^ satisfy the following 
algebra: 

mt),V^(t),---,Vr.{t)U,..,^ = -i;iW(jWU..,„, (3-22) 

X matrices whose non- vanishing 



where {J^^^)iii2---l„ is the real normal 
components are given by 



n"^ xn^ X 



(JW) 



kn kn (fc— l)n+l---fcn— 2 



(-1) 



k{n-l) 



(3-23) 



In both cases, the n + 1 variables, {^{t),ri{t), Ha) or {Va{t), J^^^), form a closed 
algebra for then-fold commutator, which is regarded as a generalization of spin 



algebra!)' 11) 



§4. Conclusions 



We have given our definition of n-index objects (n-th power matrices) and their 
algebraic properties, and formulated a dynamical system based on hermitian n-th 
power matrices. The basic structure of our mechanics is summarized as follows. For 
hermitian n-th power matrices {Va{t))ij^i2...i^ = (Va)i^i2 --in6*^'^'^ their time evo- 
lution is regarded as the symmetry transformation generated by the Hamiltonians 
{Ha)i,i,...i„, such that i7l(")<5(14(i))z,i,...i„ = [F„(t), i/i, • • • , 

hh-lr,^'^: which is 

the generalization of the Heisenberg's equation. The Hamiltonians {Ha)i^12-i„ are 
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real normal forms where {Hi ■ ■ ■ Hn-i)iii2—i„ satisfies n-cocycle condition. There is 
the relation among fli^i^.-ir, and Has such that h'^'^^ f2i^i^...i^ = -{Hi--- Hn-i)i^i2-i„- 
An arbitrary normal n-th power matrix, A^^^^ j^ , is a constant of motion; i.e., 

ih^'^^ dA\^i^^,,,i^/ dt = [A^^\Hi,- - - ,Hn~i\i^i2...i^ = 0. There are simple systems of 
harmonic oscillators described by hermitian n-th power matrices. 

Our mechanics is regarded as the generalization of Heisenberg's matrix mechan- 
ics because it reduces to Heisenberg's matrix mechanics in case with n = 2. In 
quantum mechanics, a matrix element Ai^i^ is interpreted as a probability amplitude 
between the state labeled by li and that labeled by ^2- A similar interpretation for 
an n-th power matrix element (n > 3), however, is not yet known, and it is not clear 
whether many-index objects is applicable to real physical systemsO It would be 
worth while to explore physical meaning of many- index objects based on generalized 
spin variables. 
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